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Abstract
Let G be a connected Lie group with the Lie algebra G: The action of Cameron–Martin
space HðGÞ on the path space PeðGÞ introduced by L. Gross (Illinois J. Math. 36 (1992) 447) is
free. Using this fact, we deﬁne the H-distance on PeðGÞ; which enables us to establish a
transportation cost inequality on PeðGÞ: This method will be generalized to the path space
over the loop group LeðGÞ; so that we obtain a transportation cost inequality for heat
measures on LeðGÞ:
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Let ðX ; dÞ be a separable complete metric space. Given two Borel probability
measures m and n on X ; the Lp-Wasserstein distance between m and n is deﬁned as
follows







where Cðm; nÞ denotes the totality of Borel probability measures on X  X ; having m
and n as marginals. We shall say that the transportation cost inequality holds for m if
there exists a constant C40 such that
W 2p ð f m; mÞpC
Z
X
f log f dm ðTpmÞ
for any positive continuous function f such that
R
X
f dm ¼ 1:
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In the case where X ¼ R; the typical examples are
(1) m ¼ bðrÞ the Bernoulli measure of parameter 0oro1; for which T1ðmÞ holds,
but not for T2ðmÞ (see [9]);
(2) m ¼ g1 the Gaussian measure, for which T2ðmÞ holds. By tensorization, T2ðgnÞ
holds for Gaussian measure gn on R
n: This last inequality T2ðgnÞ is sometimes called
Talagrand’s inequality (see [14,20]).
The Talagrand’s inequality met two directions of generalization. On a complete
Riemannian manifold M; Otto and Villani [18] has driven the transportation cost
inequalities from the logarithmic Sobolev inequalities. An alternative approach
involving the Hamilton–Jacobi semi-group was given by Bobkov et al. [1]. In these
works, the dual characterization of Wasserstein distance was used.
Another direction is the study in inﬁnite dimensional situation. Let WðRÞ be the
Wiener space of continuous functions on the interval ½0; T ; endowed with the
Wiener measure m: It is well known that m is quasi-invariant under the translations of
hAHðRÞ; where






So the derivatives along hAHðRÞ can be deﬁned and the space HðRÞ can be seen as








With respect to the uniform topology of WðRÞ; ðw1; w2Þ-dHðw1; w2Þ is a lower semi-
continuous function on WðRÞ  WðRÞ: Taking the distance dH in the deﬁnition of
L2-Wasserstein distance, the following transportation cost inequality on WðRÞ:
W 22 ð f m; mÞp2
Z
W
f log f dm: ðT2mÞ
was proved in Feyel–U¨stunel [8]. In the spirit of Bobkov et al. [1], Gentil established
ðT2ðmÞÞ in [9] for the dual form of Wasserstein distance. For related discussions, we
refer also to [13].
The deﬁnition of the distance dH on the path space PmoðMÞ over a Riemannian
manifold M is not an easy matter. However in the Wiener space WðRÞ; dH coincides
with the intrinsic distance d˜H associated to the canonical Dirichlet form EðF ; FÞ ¼R
W ðRÞ jrF j2H dm; where r is the Malliavin gradient on WðRÞ: Namely
d˜Hðw1; w2Þ ¼ sup fjFðw1Þ 
 Fðw2Þj; F cylinder; jrF jHp1g:
Using the intrinsic distance d˜H on PmoðMÞ; the transportation cost inequality ðT2ðmÞÞ
on PmoðMÞ was established by F.Y. Wang [21].
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In this work, we shall be interested in the case of the path space PeðGÞ and the
loop space LeðGÞ over a Lie group G: In the case of paths, G is not assumed
to be compact. When G is not compact, the Laplace operators on G with respect
to the left invariant connection, right invariant connection and Levi–Civita
connection are different so that the associated Wiener measures m on PeðGÞ are
different (see [3]). In this work, we shall consider the left invariant case. The
associated diffusion ðgwðtÞÞtX0 resolves the following Stratanovich stochastic
differential equation:
dgwðtÞ ¼ gwðtÞ 3 dwðtÞ; gwð0Þ ¼ e;
where ðwðtÞÞtX0 is a standard G-valued Brownian motion and G is the Lie algebra of
G: The measure m is the law of w-IðwÞ :¼ gw on PeðGÞ: The map I is called the Itoˆ
map. Let hAHðGÞ; the measure m is quasi-invariant under the map g-eh g; but
not quasi-invariant under the map g-g eh (see [16]). In Section 1, instead of
considering the translation g-eh g; we shall consider the action rh of HðGÞ on
PeðGÞ introduced in [11]. This action is free and gives the good intertwining
formula: rhIðwÞ ¼ Iðw þ hÞ: A preliminary differential calculus with respect to
rh is developed in Section 1. As already remarked by Gross, the gradient rF of
a cylinder function F is not bounded. In Section 2, we shall deﬁne the distance
dH using rh and prove the transportation cost inequality ðT2ðmÞÞ on PeðGÞ:
Notice that this last inequality on PeðGÞ can not be deduced directly from the
Wiener space WðGÞ by Itoˆ map I ; because of the problem of measurability of I  I
with respect to coupling measures p on WðGÞ  WðGÞ: In Section 3, we shall
consider the Brownian motion on the loop group introduced in [15], which will
deﬁne a Wiener measure mP on the path space PeðLeðGÞÞ over LeðGÞ: We shall
prove that the transportation cost inequality holds for mP by generalizing Girsanov
theorem. As an application, we shall get a transportation cost inequality on LeðGÞ
for heat measures nt:
1. Path space PeðGÞ
Let G be a connected Lie group and G its Lie algebra with a metric /;SG: In this
section, G is not assumed to be compact. Denote by PeðGÞ the space of continuous
function g from ½0; T  into G such that gð0Þ ¼ e; where e is the unit element of G: For
g1; g2APeðGÞ; deﬁne ðg1  g2ÞðtÞ ¼ g1ðtÞg2ðtÞ: Then with the uniform topology, PeðGÞ
is a topological group. Let





here the dot  denotes the derivative with respect to s:
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1.1. Action rh on PeðGÞ
For gAPeðGÞ and hAHðGÞ; we consider the differential equation on G
dvðtÞ ¼ vðtÞAdgðtÞ ’hðtÞ dt; vð0Þ ¼ e: ð1:1Þ
Deﬁnition 1.1. Deﬁne rhgAPeðGÞ by
ðrhgÞðtÞ ¼ vðtÞgðtÞ: ð1:2Þ
The following result in [11, p. 451] proves that rh acts on PeðGÞ freely.
Theorem 1.2. The map ðh; gÞ-rhg form HðGÞ  PeðGÞ to PeðGÞ has the properties
(i) r0g ¼ g:
(ii) rh2rh1g ¼ rh1þh2g:
(iii) If for some gAPeðGÞ; rhg ¼ g; then h ¼ 0:
(iv) ðh; gÞ-rhg is a continuous function from HðGÞ  PeðGÞ to PeðGÞ:
Deﬁnition 1.3. Let F : PeðGÞ-R be a Borel function and hAHðGÞ: We put
ð@hFÞðgÞ ¼ f d
de
FðrehgÞge¼0 ð1:3Þ
if the derivative exists. We say that F has a gradient at g if there exists
ðrFÞðgÞAHðGÞ such that
ð@hFÞðgÞ ¼ /ðrFÞðgÞ; hSH :
F is said to be C1ðPeÞ if F and rF are continuous maps.
Deﬁnition 1.4. A function F : PeðGÞ-R is called a cylinder function if it has the
form
FðgÞ ¼ uðgðt1Þ;y; gðtkÞÞ; ð1:4Þ
where 0ot1o?otkpT and uAC1bðGkÞ is a bounded function with the bounded
derivative. The set of all cylinder functions on PeðGÞ is denoted by CylinðPeÞ:
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where @iu denotes the gradient of ith partial function of u and Ad

g the transpose matrix
of Adg:
Proof. Let hAHðGÞ and e40: Consider the differential equation
dveðtÞ ¼ e veðtÞAdgðtÞ ’hðtÞ dt; veð0Þ ¼ e:









































The result (1.5) follows. &
1.2. Wiener measure on PeðGÞ
In what follows, we shall introduce the Wiener measure m on PeðGÞ; which is the






G where fx1;y; xdg is an orthonormal basis of G and #x denotes the associated left
invariant vector ﬁeld on G:
Let nX1 be an integer. Denote by k the integer part of nT : Deﬁne cn : G
k-PeðGÞ
by
cnðy1;y; ykÞðtÞ ¼ ey1?eyr




 1Þ=nptor=n and r ¼ 1;y; k and cnðy1;y; ykÞðtÞ is constant on ½k=n; T :
We have
c
1n ðy1;y; ykÞðtÞ ’cnðy1;y; ykÞðtÞ ¼
nyr for ðr 
 1Þ=nptpr=n;
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EÞ for any Borel
subset E of G: Put lkn ¼ ln ? ln on Gk: Deﬁne
mnðBÞ ¼ lknðc
1n ðBÞÞ: ð1:8Þ
It is well known that mn converges weakly to the Wiener measure m on PeðGÞ:
Furthermore, we have the following strong result.
Let WðGÞ be the Wiener space of G-valued Brownian motion with the Wiener
measure PG: For wAWðGÞ; consider









 1Þ=nptpr=n; r ¼ 1;y; k:
The law of ðy1;y; ykÞ in Gk is lkn : Deﬁne
gnðt; wÞ ¼ cnðy1ðwÞ;y; ykðwÞÞðtÞ: ð1:9Þ
By limit theorem (see [17, Chapter VIII]), almost surely gnðt; wÞ converges to gtðwÞ
uniformly over the interval ½0; T  and gtðwÞ resolves the following Stratanovich
stochastic differential equation:
dgtðwÞ ¼ gtðwÞ3dwt; g0ðwÞ ¼ e:
1.3. Intertwining formula
Proposition 1.6. Let O be the set of w such that gnðt; wÞ converges uniformly over the
interval ½0; T : Then
(i) wAO if and only if w þ hAO for any hAHðGÞ:
(ii) Set *gðwÞ ¼ limn-þN gnð; wÞ: Then
rh*gðwÞ ¼ *gðw þ hÞ for any wAO; hAHðGÞ: ð1:10Þ
Proof. Let hAHðGÞ: Deﬁne hnAHðGÞ by










Then ’hnðtÞ converges almost surely to ’hðtÞ and the norm of ’hn in L2ð½0; T Þ
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so that
rhngnðwÞ ¼ gnðw þ hÞ:
Now according to Theorem 1.2(iv), the left-hand side of the above equality
converges. Therefore gnðw þ hÞ converges in WðGÞ; so that w þ hAO and (1.10)
holds. &
Corollary 1.7. The Wiener measure m on PeðGÞ is quasi-invariant under the action rh:












1.4. Sobolev spaces D
p
1ðPeÞ
Deﬁnition 1.8. Let p41 and FALpðPeðGÞ; mÞ: We say that FADp1ðPeÞ if the gradient
rFALpðPeðGÞ; HðGÞÞ exists and







 :¼ Sqop Lq:
Proposition 1.9. CylinðPeÞCDp1ðPeÞ:
Proof. As remarked in [11, p. 456], jrFðgÞjH is generally not bounded if G is not
compact. As in [11], we consider the following lemma.




where jj  jj is the operator norm of matrices in G: Set Aq ¼ 2M2q2
R
G jyj2e2qMjyj dlðyÞ:
Then there exists Cq40 such that
Z
PeðGÞ
jjAdgðtÞjj2q dmðgÞpCq eAqt; 0ptpT ð1:12Þ
ARTICLE IN PRESS
S. Fang, J. Shao / Journal of Functional Analysis 218 (2005) 293–317 299







Proof. Let xAG and consider the function uðsÞ ¼ RG jes adðyÞxj2q dlðyÞ: By inequality
jjes adðyÞjjpejsjMjyj; ð1:14Þ





1Þ/adðyÞ es adðyÞx; es adðyÞxS dlðyÞ
and










1Þf/ðadðyÞÞ2 es adðyÞx; es adðyÞxSþ jadðyÞ es adðyÞxj2g dlðyÞ:
Let s ¼ 0; u0ð0Þ ¼ 2qjxj2ðq





e2qMjyjjyj2 dlðyÞ ¼ 2 Aqjxj2q:
Therefore for 0psp1;
0puðsÞpð1þ Aqs2Þjxj2q:




















where a ¼ nðt 
 ðr 
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Remark that limn-þN 1þ Aq
n
 r




For proving (1.13), suppose that ðr 
 1Þ=nptpr=n and ðc
 1Þ=npspc=n with cpr:
Remark that
c







where a ¼ nðt 
 ðr 
 1Þ=nÞ and b ¼ nðs 
 ðc
 1Þ=nÞ: Replacing adðyÞ by adðyÞ in





























Using (1.17) and (1.18), we get (1.12) and (1.13). &
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1.5. Rademacher theorem
Deﬁnition 1.11. A measurable (everywhere deﬁned) function F : PeðGÞ-R is said to
be H-Lipschitz continuous if for some constant C40; it holds
jFðrhgÞ 
 FðgÞjpC jhjH for any hAHðGÞ; gAPeðGÞ: ð1:19Þ
Theorem 1.12. Let p41 and FALpðPeðGÞÞ: Then F has a modification Fˆ which is H-
Lipschitz continuous if and only if FADp1ðPeÞ with jjrF jjLNoþN:
Proof. Let O be the set in WðGÞ deﬁned in Proposition 1.6 and let F be a H-
Lipschitz continuous function on PeðGÞ: Deﬁne F˜ðwÞ ¼ Fð*gðwÞÞ for wAO and
F˜ðwÞ ¼ 0 otherwise. Then
jF˜ðw þ hÞ 
 F˜ðwÞjpjFðrh *gðwÞÞ 
 Fð*gðwÞÞjpC jhjH :
By Rademacher theorem on the Wiener space (see [6]), F˜ADp1ðWðGÞÞ and jjrF˜jjLN is
ﬁnite. Using Proposition 1.6(ii), ðrF˜ÞðwÞ ¼ ðrFÞð*gðwÞÞ: Therefore FADp1ðPeÞ with
jjrF jjLNoþN: Conversely, we shall use the fact that the Itoˆ map w-gðwÞ is
almost surely injective. Then there exists a full measure subset OoCO on which *g is
injective. By invariance of O under translations by hAHðGÞ; we can assume that Oo
enjoy the same invariance property. Let #O ¼ f*gðwÞ; wAOog: Now take FADp1ðPeÞ
such that C ¼ jjrF jjLN is ﬁnite. Then F˜ADp1ðWðGÞÞ and C ¼ jjrF˜jjLN : Therefore F˜
has a modiﬁcation which is H-Lipschitz continuous:
jF˜ðw þ hÞ 
 F˜ðwÞjpC jhjH for any hAHðGÞ; wAWðGÞ:
Deﬁne FˆðgÞ ¼ F˜ðwÞ if gA #O and g ¼ *gðwÞ; FˆðgÞ ¼ 0 otherwise. Then Fˆ is H-Lipschitz
continuous. &
2. Transportation cost inequalities on PeðGÞ
2.1. Distance dH
Deﬁne on PeðGÞ the following pseudo-distance:
dHðg1; g2Þ ¼




By Theorem 1.2, we see that dHðg1; g2Þ ¼ dHðg2; g1Þ: If g3 ¼ rh1g1 and g2 ¼ rh2g3;
then g2 ¼ rh1þh2g1: It follows that dHðg1; g2ÞpdHðg1; g3Þ þ dHðg3; g2Þ: Deﬁne
%dHðg1; g2Þ ¼ sup fFðg1Þ 
 Fðg2Þ; FAD21ðPeÞ-C; jjrF jjp1g;
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where C is the set of continuous function on PeðGÞ: By Theorem 1.12, we see that
dHX %dH : ð2:2Þ
Proposition 2.1. The function ðg1; g2Þ-dHðg1; g2Þ is lower semi-continuous on the
product space PeðGÞ  PeðGÞ:
Proof. Let aAR: Consider the subset
B ¼ fðg1; g2ÞAPeðGÞ  PeðGÞ; dHðg1; g2Þpag
and BHðaÞ ¼ fhAHðGÞ; jhjHpag: By Deﬁnition 2.1, ðg1; g2ÞAB if and only if g2 ¼
rhg1 with hABHðaÞ: Hence B ¼ fðg; rhgÞ; gAPeðGÞ; hABHðaÞg: We shall prove that
B is closed. Let ðgn; rhngnÞAB; which converges to ðg; #gÞ: Since BHðaÞ is weakly
compact in HðGÞ; up to a subsequence, hn converges weakly to hABHðaÞ: Consider
the differential equations on G
dvnt ¼ vnt AdgnðtÞ ’hnðtÞ dt; vn0 ¼ e
and
dvt ¼ vt AdgðtÞ ’hðtÞ dt; v0 ¼ e:
Since fgnðtÞ; 0ptpT ; nX1g is in a compact subset of G; C ¼ supn;t jjAdgnðtÞjj is
ﬁnite. It follows that fvnt ; tA½0; T g is uniformly bounded and the family fvnt ; nX1g
is equi-continuous over ½0; T : Moreover for any tA½0; T ; vnt converges to vt: By
Ascoli theorem, vnt converges uniformly to vt on ½0; T : Therefore rhngn ¼ vngn
converges to v  g in PeðGÞ: Hence, #g ¼ rhg and ðg; #gÞAB: &
Lemma 2.2. Let nX1: Denote by k the integer part of nT : Let x ¼ ðx1;y; xkÞAGk
and y ¼ ðy1;y; ykÞAGk: Define cnðxÞ and cnðyÞ as in (1.6); then
d2HðcnðxÞ;cnðyÞÞ ¼ njx








Proof. Deﬁne hAHðGÞ by
’hðtÞ ¼ nðyr 
 xrÞ for ðr 
 1Þ=nptpr=n; r ¼ 1;y; k








 xrj2 ¼ njx
 yj2Gk : &
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2.2. Transportation cost inequality on PeðGÞ
Let f : PeðGÞ-R be a positive continuous function such that
R
PeðGÞ f dm ¼ 1:
Deﬁne L2-Wasserstein distance




d2Hðg1; g2Þ dpðg1; g2Þ
 !
;
where Cð f m; mÞ denotes the Borel probability measure on PeðGÞ  PeðGÞ with
marginal laws f m and m:
Theorem 2.3. It holds that
W 22 ð f m; mÞp2
Z
PeðGÞ
f log f dm: ð2:4Þ
Proof. Let l be the canonical Gaussian measure on G and lk be the direct product
measure on Gk: Apply the transportation cost inequality to lk:
W 22 ðulk; lkÞp2
Z
Gk
u log u dlk: ð2:5Þ
Let pACðulk; lkÞ: Deﬁne
*pðdx; dyÞ ¼ pð ﬃﬃﬃnp dx; ﬃﬃﬃnp dyÞ and u˜ðxÞ ¼ uð ﬃﬃﬃnp xÞ:
Then *pACðu˜lkn ; lknÞ: Let %f : PeðGÞ-R be a positive continuous function such thatR
PeðGÞ





%fðgÞ dmnðgÞ ¼ 1:





W 22 ð %fmn; mnÞp
Z
PeðGÞPeðGÞ
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Taking the inﬁnimum over pACðulk; lkÞ; we get
W 22 ð %fmn; mnÞpW 22 ðulk; lkÞ




u log u d lk ¼ 2
Z
Gk
v log v d lkn ¼ 2
Z
PeðGÞ
%f log %f dmn:
So we get
W 22 ð %fmn; mnÞp2
Z
PeðGÞ
%f log %f dmn: ð2:6Þ
Now for a bounded continuous positive function f on PeðGÞ such that
R
PeðGÞ f dm ¼
1; set an ¼
R
PeðGÞ f dmn: Then limn-þN an ¼ 1: Put fn ¼ f =an: Applying (2.6), we have
W 22 ð fnmn; mnÞp 2
Z
PeðGÞ





f log f dmn 
 2log an:
Let pnACð fnmn; mnÞ such thatZ
PeðGÞPeðGÞ











f log f dmn 




Since mn converges weakly to m and fnmn to f m; the family fmn; fnmn; nX1g is tight.





Since ðK  KÞcCðKc  PeðGÞÞ,ðPeðGÞ  KcÞ; then
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The family fpn; nX1g is tight. Up to a subsequence, pn converges weakly to p: It is
easy to see that pACð f m; mÞ: According to Proposition 2.1
Z
PeðGÞPeðGÞ
d2Hðg1; g2Þ pðdg1; dg2Þp lim infn-þN
Z
PeðGÞPeðGÞ




f log f dm:
The result (2.4) follows. &





Theorem 2.4. Let tA0; T  and ptðdgÞ be the heat measure on G at the time t: Then
W 22 ðvpt; ptÞp2C2t
Z
G
v log v ptðdgÞ; ð2:9Þ























Let d be the left invariant distance on G: It is known that dðg1; g2Þ ¼ supfjuðg1Þ 







Put f ðgÞ ¼ vðgðtÞÞ: For any pACð f m; mÞ; deﬁne #pACðvpt; ptÞ byZ
GG
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Then
W 22 ðvpt; ptÞp
Z
GG














f log f dm ¼ 2C2t
Z
G
v log v ptðdgÞ: &
Remark 2.5. Inequality (2.9) has a real meaning if C is ﬁnite. For a compact Lie group
G with its Lie algebraG endowed with a metric, which is not necessarily AdG-invariant,
the constant C deﬁned in (2.8) is ﬁnite. Another interesting example is the following.
Let G be a compact Lie group, with the Lie algebra G endowed with an AdG-
invariant metric. For k an integer, consider the product group Gk: Its Lie algebra is






The metric j  jA is not AdGk invariant. The heat measure pAt on Gk induced by j  jA is
not the direct product of the heat measure pGt on G: Theorem 2.4 says that the
transportation cost inequality holds for pAt :
3. Transportation cost inequality for heat measures on loop groups
Frow now on, G is assumed to be compact and its Lie algebra G is endowed with
an AdG invariant metric /;SG: Let
LeðGÞ ¼ fc; ½0; 1-G continuous; cð0Þ ¼ cð1Þ ¼ eg:
The product in LeðGÞ is deﬁned pointwisely: ðc1  c2ÞðyÞ ¼ cðyÞc2ðyÞ: With the
uniform topology
dNðc1; c2Þ ¼ sup
yA½0;1
dðc1ðyÞ; c2ðyÞÞ;
where d is the bi-invariant distance on G; LeðGÞ is a topological group.
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3.1. Brownian motion on LeðGÞ
Consider
WoðGÞ ¼ fw : ½0; 1-G continuous; wð0Þ ¼ wð1Þ ¼ 0g
and





here the dot means the derivative with respect to y: An element x in the dual space
WoðGÞ0 will be identiﬁed to *xAHoðGÞ by xðhÞ ¼ /*x; hSHo : A Brownian motion
ðwðtÞÞtX0 deﬁned on a probability space ðO;F; ðFtÞtX0; PÞ taking values in WoðGÞ
with covariance operator /;SHo is a continuous process on WoðGÞ such that wð0Þ ¼






sÞjxj2Ho=2 for all xAWoðGÞ0: ð3:1Þ
This is equivalent to say that wðtÞ 
 wðsÞ is independent of Fs and
Eð/x1; wðtÞS/x2; wðsÞSÞ ¼ ðs4tÞ/x1; x2SHo ; for all x1; x2AWoðGÞ0: ð3:2Þ
Let Gðy1; y2Þ ¼ y14y2 




Gðy1; yÞ ’hðyÞ dy ¼ hðy1Þ for all hAHoðGÞ: ð3:3Þ
By (3.2), it holds that
Eð/a; wðs; yÞSG/b; wðt; yÞSGÞ ¼ /a; bSGðs4tÞ Gðy1; y2Þ; ð3:4Þ
where we set wðt; yÞ ¼ wðtÞðyÞ:
Let PWo be the Wiener measure on the Wiener space over WoðGÞ
PoðWoÞ ¼ fw : ½0; T -WoðGÞ continuous; wð0Þ ¼ 0g:
Then the coordinates function ðwðtÞÞ0ptpT is a Brownian motion on WoðGÞ:
For yA½0; 1; consider the Stratanovich stochastic differential equation
dtgwðt; yÞ ¼ gwðt; yÞ3dtwðt; yÞ; gwð0; yÞ ¼ e; ð3:5Þ
where dt denotes the Itoˆ stochastic differential with respect to the time t: It has been
proved in [15] (see also [4]) that ðgwðt; yÞÞ has a continuous modiﬁcation over ½0; T  
½0; 1: We shall use the same notation for this continuous modiﬁcation. Therefore
t-gwðt; Þ is a continuous process from ½0; T  to LeðGÞ: Moreover for nX1;
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deﬁne wnAPoðWoÞ by
dtw




nT ; yÞ 
 wðk2
nT ; yÞÞ for k2
nTptoðk þ 1Þ2
nT :
Consider the differential equation
dtg
n
wðt; yÞ ¼ gnwðt; yÞ dtwnðt; yÞ; gnwð0; yÞ ¼ e:
By estimating the moment
Eðdðgnðt; y1Þ; gnþ1ðs; y2ÞÞpÞ
and using the Kolmogoroff modiﬁcation theorem, we can show that almost surely
gnwðt; yÞ converges uniformly to gwðt; yÞ over ½0; T   ½0; 1:
Let nT be the law of w-gwðT ; Þ on LeðGÞ: The main result of this section is the
following:
Theorem 3.1. Let W2;N be the L
2-Wasserstein distance associated to the uniform
topology of LeðGÞ: Then it holds that
W 22;Nð f nT ; nTÞp2T
Z
LeðGÞ
f log f dnT : ð3:6Þ
Remark that only the topological group structure involves in (3.6). The
strategy of proving (3.6) is to extend Theorem 2.3 on the path space over LeðGÞ:
Denote
PeðLeðGÞÞ ¼ fg : ½0; T -LeðGÞ continuous; gð0Þ ¼ eg;
where e is the constant identity loop onLeðGÞ: The law w-gw induces a probability
measure mP on PeðLeðGÞÞ:
3.2. Action rh
In what follows, we shall use the prime to denote the derivative with respect to t:






0 jh0ðsÞj2Ho dsoþN: Let gAPeðLeðGÞÞ and hAHðHoðGÞÞ: For yA½0; 1;
consider the family of differential equations on G
dtvðt; yÞ ¼ vðt; yÞAdgðt;yÞh0ðtÞðyÞ dt; vð0; yÞ ¼ e: ð3:7Þ
Since y-Adgðt;yÞh0ðtÞðyÞ is continuous, the solution vðt; yÞ of (3.7) is continuously
dependent of y: Deﬁne
ðrhgÞðt; yÞ ¼ vðt; yÞgðt; yÞ: ð3:8Þ
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Then rhgAPeðLeðGÞÞ: Comparing to ﬁnite dimensional case, z-Adgðt;Þz is not
bounded on HoðGÞ:
Theorem 3.2. We have the following properties:
(i) r0g ¼ g:
(ii) rh2rh1g ¼ rh1þh2g:
(iii) If for some g; rhg ¼ g; then h ¼ 0:
(iv) ðh; gÞ-rhg is continuous from HðHoðGÞÞ  PeðLeðGÞÞ to PeðLeðGÞÞ:
Proof. (i) If h ¼ 0; then vðt; yÞ ¼ e for any y: By (3.8), r0g ¼ g:
(ii) Let v1ðt; yÞ be the solution of
dtv
1ðt; yÞ ¼ v1ðt; yÞAdgðt;yÞh01ðtÞðyÞ dt; v1ð0; yÞ ¼ e
and v2ðt; yÞ the solution of
dtv
2ðt; yÞ ¼ v2ðt; yÞAdv1ðt;yÞgðt;yÞh02ðtÞðyÞ dt; v2ð0; yÞ ¼ e:
Consider vðt; yÞ ¼ v2ðt; yÞv1ðt; yÞ: We have,
vðt; yÞ
1dtvðt; yÞ ¼ ðv1ðt; yÞÞ
1ðv2ðt; yÞÞ
1½dtv2ðt; yÞv1ðt; yÞ þ v2ðt; yÞdtv1ðt; yÞ
¼Adgðt;yÞh02ðtÞðyÞ dt þ ðv1ðt; yÞÞ
1dtv1ðt; yÞ
¼Adgðt;yÞðh01ðtÞðyÞ þ h02ðtÞðyÞÞ dt:
It follows that vðt; yÞgðt; yÞ ¼ ðrh1þh2gÞðt; yÞ:
(iii) If for some gAPeðLeðGÞÞ; rhg ¼ g; then by (3.8), vðt; yÞ ¼ e for any
ðt; yÞA½0; T   ½0; 1: Then by (3.7), h0ðtÞ ¼ 0 in HoðGÞ for any t: Hence, h ¼ 0:
(iv) Suppose that hn converges to h in HðHoðGÞÞ and gn to g in PeðLeðGÞÞ:
Consider
dtvnðt; yÞ ¼ vnðt; yÞAdgnðt;yÞh0nðtÞðyÞ dt
and
dtvðt; yÞ ¼ vðt; yÞAdgðt;yÞh0ðtÞðyÞ dt:
It is easy to see that for ðt; yÞ given, vnðt; yÞ converges to vðt; yÞ and fvn; nX1g is
equi-continuous over ½0; T   ½0; 1: Therefore vn converges to v uniformly over
½0; T   ½0; 1: Hence rhngn ¼ vngn converges to rhg ¼ vg: &
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3.3. Distance dH








Proposition 3.4. dH is a lower semi-continuous function on PeðLeðGÞÞ  PeðLeðGÞÞ:
Proof. Consider B ¼ fðg1; g2Þ; dHðg1; g2ÞpRg: According to (3.9), ðg1; g2ÞAB if and
only if g2 ¼ rhg1 for some hAHðHoðGÞÞ and
R T
0 jh0ðsÞj2Ho dspR2: Suppose that
ðgn; rhngnÞAB converges to ðg; #gÞ: Up to a subsequence, hn converges to h weakly in
HðHoðGÞÞ; with
R T
0 jh0ðsÞj2Ho dspR2: The same arguments as for Proposition 2.1
concludes the proof. &
3.4. Girsanov theorem
Let fhnAWoðGÞ0; nX1g be an orthonormal basis of HoðGÞ and wnðtÞ ¼
/hn; wðt; ÞS: By (3.2), we see that fwn; nX1g is a sequence of independent
















which converges in L2 uniformly with respect to tA½0; T :
Theorem 3.5. Let zAL2aðHoðGÞÞ; denote















jzwðtÞjHopCoþN almost surely: ð3:11Þ
Then under the probability measure dQ ¼ MzT dPWo ; t-wt þ
R t
0 zwðsÞ ds is a Brownian
motion on WoðGÞ with the covariance operator /;SHo :
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Proof. Let w˜t ¼ wt þ
R t
0 zwðsÞ ds and EQ be the expectation with respect to Q: By Itoˆ







According to (3.1), we get the result. &
The following Itoˆ representation formula holds in L2ðPoðWoÞÞ:
Theorem 3.6. Let FAL2ðPoðWoÞÞ; then there exists a unique adapted HoðGÞ-valued
process aAL2aðHoðGÞÞ such that




Proof. See [7,19, p. 678]. &




F dPWo ¼ 1: ð3:13Þ


















Nt/zwðtÞ; dwtS; N0 ¼ 1:
On the other hand,
dMt ¼ /awðtÞ; dwtS ¼ 
Mt/zwðtÞ; dwtS; M0 ¼ EðFÞ ¼ 1:
Therefore Mt and Nt satisfy the same stochastic differential equation driven by the
martingale /zwðtÞ; dwtS: By uniqueness of solutions, we get Nt ¼ Mt for all
0ptpT : Hence
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3.5. Intertwining formula




zAL2aðHoðGÞÞ satisfying (3.11). Let vwðt; yÞ be the solution of the differential equation
dtvwðt; yÞ ¼ vwðt; yÞAdgwðt;yÞzwðtÞðyÞ dt; vwð0; yÞ ¼ e;
where gw is the Brownian motion on LeðGÞ considered in Section 3.1.
Theorem 3.7. We have
rhw gw ¼ gwþhw : ð3:15Þ
Proof. Put uwðt; yÞ ¼ vwðt; yÞgwðt; yÞ: Then
dtuwðt; yÞ ¼ dtvwðt; yÞgwðt; yÞ þ vwðt; yÞ 3 dtgwðt; yÞ
¼ vwðt; yÞgwðt; yÞ 3 ðh0wðtÞðyÞ þ dtwðt; yÞÞ:
Therefore, rhw gw and gwþhw satisfy the same stochastic differential equation. By
uniqueness of solutions, we get the result. &
3.6. Transportation cost inequality




F dmP ¼ 1; define




d2Hðg1; g2Þ pðdg1; dg2Þ
 
:
Theorem 3.8. It holds that
W 22 ðFmP; mPÞp2
Z
Pe
F log F dmP: ð3:16Þ
Proof. Consider a cylinder function F on P of the form FðgÞ ¼
uðgðt1; y1Þ;y; gðtk; ykÞÞ with uAC1ðGkÞ: Assume that
0oepFpRoþN:
Let F˜ðwÞ ¼ FðgwÞ: Then by (3.14), there exists zAL2aðHoðGÞÞ such that
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Let hwðtÞ ¼
R t
0 zwðsÞ ds: Consider the map F : PoðWoðGÞÞ-P P deﬁned by
w-FðwÞ ¼ ðgw; rhw gwÞ:


















Therefore, pACðFmP; mPÞ and
W 22 ðFmP; mPÞp
Z
PoðWoðGÞÞ








F˜ dPWo : ð3:18Þ
By (3.17) and Girsanov theorem,





























Combining (3.18) and (3.19), we get the result. &
Lemma 3.9. Let F be a cylinder function on P and F˜ðwÞ ¼ FðgwÞ: Then aAL2aðHoðGÞÞ
determined in (3.12) satisfies condition (3.11).
Proof. Let zAL2aðHoðGÞÞ satisfying (3.11) and hðtÞ ¼
R t




















1w ðti ;yiÞgwðs;yiÞzwðsÞðyiÞ dsS:
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 ds dy: ð3:20Þ
On the other hand, using the Girsanov theorem, we have

























































Now if zwðsÞ is not adapted, set zˆwðsÞ ¼ EðzðsÞjFsÞ: We have











dy zˆwðtÞðyÞjpEðj ddy zwðtÞðyÞj jFtÞ and (3.21) subsists for general z: Therefore for
some constant C40; j d
dy awðsÞðyÞjGpC almost surely with respect to ðw; s; yÞ and aw
satisﬁes condition (3.11). &
Proof of Theorem 3.1. Let d be the bi-invariant distance on G: For hAHðHoðGÞÞ; we
have
dðgðt; yÞ; ðrhgÞðt; yÞÞ ¼ dðe; ðrhgÞðt; yÞgðt; yÞ
1Þ ¼ dðe; vðt; yÞÞ;



































































It follows that for any g1; g2AP;











Consider F : P-LeðGÞ deﬁned by FðgÞ ¼ gðtÞ: For pACð f 3F mP; mPÞ; deﬁne
#p ¼ ðF FÞp: Then #pACð f nt; ntÞ and
W 22;Nð f nt; ntÞp
Z
LeðGÞLeðGÞ









Taking the inﬁnimum over pACð f 3F mP; mPÞ; we get
W 22;Nð f nt; ntÞpt W 22 ð f 3F mP; mPÞp2t
Z
LeðGÞ
f log f dnt: &
Remark. The logarit-hmic Sobolev inequality on LeðGÞ for heat measures nt has
been proved in [5], the Rademacher type theorem on LeðGÞ was established in [12].
The transportation cost inequality with respect to intrinsic distance onLeðGÞ will be
studied by second author in a forthcoming paper. However the constant Ct in the
inequality will behave as eKt: For related problems with respect to pinned Wiener
measures, we refer to [10].
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